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Abstract 

This paper establishes compactness results for the moduli stack of 
holomorphic curves in suitable exploded manifolds. This result together 
with the analysis in [H] allows the definition of Gromov Witten invariants 
of these exploded manifolds. 
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Introduction 





This paper establishes compactness results for the moduli stack of holomorphic 
curves in exploded manifolds. An introduction to exploded manifolds may be 
found in [7J. 

The topology in which we shall establish compactness is the C°°'- topology 
which is both a topology and a level of regularity. A C 00 '- function can be 
viewed as a generalization of a function on a manifold with cylindrical ends 
which is smooth and has exponential convergence at cylindrical ends. In [S] it is 
shown that the moduli stack of holomorphic curves has regularity C°°'- in the 
sense that in a neighborhood of any holomorphic curve for which the d equation 
is transversal, the moduli stack of holomorphic curves can be represented by 
C°°'- family of holomorphic curves. More generally, a virtual moduli space is 
constructed in [8J which is locally constructed using C°°'- families of curves. 



The compactness established in this paper allows us to know that components 
of this virtual moduli space are compact, and define Gromov Witten invariants 
for suitable exploded manifolds. 

The topology in which the moduli space of curves is compact seems unnatural 
from the perspective of differential topology because of bubbling phenomena 
and node formation. Similar phenomena occur in the category of exploded 
manifolds, but unlike the smooth category, all the bubbling and node formation 
behavior can happen within smooth (or C°°'-) connected families of maps. Still, 
in talking about a converging sequence of holomorphic curves, we must deal with 
the fact that the domain of the curves may change. 

We shall say that a sequence of C°°'- curves 

fi : (C,ji) — ► B 

converges to a C°°'- curve / if the following holds: 
There exists a sequence of families of C°°'- curves, 

(C,ji) A B 

I 
F 

and a sequence of points Pi £ F so that 

1. The fiber of (C,ji) over p 1 is (C,ji), and the restriction of /* to the fiber 
over p l is /*. 

2. This sequence of families converges in C°°'- to the family 

(C,j) I B 

I 
F 

in the sense that the fiberwise complex structures ji converge in C°°'- to 
j and the maps /* converge in C°°'- to / 

3. The sequence of points p l in F converge to some point p £ F so that / is 
given by the restriction of / to the fiber over p. 

One scary aspect of this definition is that the corresponding topology on the 
moduli stack of holomorphic curves is non-Hausdorff in the same way that the 
topology on an exploded manifold is non-Hausdorff. In particular all the points 
p £ F for which pi — > p correspond to limits of our sequence of curves. This is 
to be expected as we want to view the moduli stack of holomorphic curves as 
analogous to an exploded manifold rather than simply as a topological space. 

The almost complex exploded manifolds (B, J) for which we prove compact- 
ness for the moduli space of holomorphic curves satisfy the following assump- 
tions: 

1. B is basic. This assumption roughly says that the tropical part of B is 
a union of convex polytopes glued along faces so that any two polytopes 
are glued in at most one way. 
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2. B is complete. This plays the role that compactness plays in the case of 
smooth manifolds. This means that B is compact as a topological space, 
and that the tropical part of B is a union of complete polytopes. 

3. The almost complex structure J on B is civilized. This means that J 
induces an almost complex structure on the smooth part of B, which is 
helpful because it allows us to use standard holomorphic curve results 
such as the removable singularity theorem in our setting. There is no 
obstruction to modifying an almost complex structure to make it civilized. 

4. There is a strict taming f2 of J. Strict tamings are discussed in section 
[2] A strict taming plays the role that a symplectic structure plays in the 
case of smooth manifolds. Each strict taming is a set f2 of closed two 
forms lo on B which are non negative on holomorphic planes. Given any 
holomorphic curve / : C — ► B, the integral of f*u does not depend on 
the choice of u> € f2. This result of this integral is called the O energy of 
the holomorphic curve /. 

With these assumptions and the C 00 — topology understood, we can state a 
compactness theorem as follows: 

Given a basic, complete exploded manifold B with a civilized almost com- 
plex structure J and strict taming f2, the moduli stack Ai gi n,E(B) of stable 
holomorphic curves with a fixed genus g and number of punctures n, and with 
O energy less than E is compact using the C°°'- topology. 

A more general version involving the case of curves in a family of exploded 
manifolds is stated on page [27] This compactness result can be viewed as a 
generalization of the compactness results for holomorphic found in [2J, 0], [5], 
and [3]. 

The following are some examples of almost complex exploded manifolds sat- 
isfying the requirements of the above theorem. 

• Any compact manifold with an almost complex structure tamed by a sym- 
plectic form will satisfy the above assumptions. 

• The explosion Expl M of any complex manifold M with normal crossing 
divisors so that each divisor is an embedded submanifold will be basic. 
If M is compact and there is a symplectic form on M which tames the 
complex structure, then ExplM will satisfy the above assumptions. This 
case is useful for Gromov Witten invariants relative to normal crossing 
divisors. 

• Given any compact symplectic manifold M with orthogonally intersect- 
ing codimension 2 symplectic submanifolds, we can construct an exploded 
manifold M using a similar construction to the explosion functor. There 
exists an almost complex structure J on M satisfying the above assump- 
tions. This case is useful to define Gromov Witten invariants relative to 
these symplectic submanifolds. 
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2 Strict tamings 



In this section, we define a strict taming of a civilized almost complex structure 
on an exploded manifold. A strict taming will play the role that a symplectic 
form usually plays. 

Consider the special case of a basic, complete, exploded manifold B so that 
each polytope in the tropical part of B is either a standard simplex or quadrant 
[0,oo) n . In this case the smooth part of B is a stratified space, where the 
closure of each strata [Bj] is a compact manifold. If there is a civilized almost 
complex structure J on B, then [Bj] is an almost complex manifold, where 
lower dimensional strata appear as almost complex submanifolds. In this case, 
a natural candidate for a taming form is a symplectic form tu which tames J on 



each [Bj] . Lemma C.l shows that if J is integrable, a strict taming of J can be 
constructed from lj. If J is not integrable, it may be modified so that a strict 
taming of the modified J can be constructed from lj. 

More generally, the smooth part of B will be a stratified space in which the 
closure of strata [Bj] are singular almost complex manifolds. We shall now give 
a definition of a symplectic form on B which tames a civilized almost complex 
structure J, which roughly speaking gives a symplectic form taming J on each 

Definition 2.1. Given an exploded manifold B with a civilized almost complex 
structure J, say that a two form lj on B is a symplectic form which tames J if 
each point in B has an open neighborhood U with a smooth map 

l:U-> R 2n 

so that 

1. every smooth function on U is the pullback of some smooth function on 
1" 

2. there exists some almost complex structure J on M. 2n so that Jdi = diJ 

3. there exists some symplectic form lj on M. 2n which is positive on J -holomorphic 
planes so that lj = l*lj 

The point of using civilized almost complex structures and the above type 
of taming forms is that it becomes easy to apply known results such as the 
removable singularity theorem and the monotonicity lemma from the analysis 
of holomorphic curves in smooth manifolds. 



Example 2.2. 

Recall from [7] that the explosion functor constructs an exploded manifold 
Expl M from a complex manifold with normal crossing divisors M. If lj is any 
symplectic form on M which tames the complex structure, then the pullback of 
lj to Expl M via the smooth part map Expl M — ► M is a symplectic form on 
ExplAf that tames the complex structure. 

The definition of a symplectic taming form is clearly inadequate for taming 
holomorphic curves in T™ where it is satisfied trivially by a two form that is 
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identically because all smooth functions on T™ are constant. We remedy this 
by defining a strict taming. (Note that we shall use freely the fact from [7] that 
any holomorphic curve in B lifts to a holomorphic curve (with a refined domain) 
in B' for any refinement B' — ► B.) 

Definition 2.3. A strict taming of a civilized almost complex structure J on a 
complete exploded manifold B is a set £1 of closed two forms on refinements of 
B containing at least one symplectic form which tames J. Each form in f2 must 
be nonnegative on J holomorphic planes, and there must exist a metric g on B 
and a positive number c > smaller than the injectivity radius of g so that 

1. Given any complete smooth curve f : C ► B, the u> energy, J c f*tu is a 

constant independent of lo € 17 

2. Given any point p € B, there exists a taming form lo p G f2 so that on the 
ball of radius c around p, 

uj p (v,Jv) > g(v,v) 

The energy of a map f : C — ► B where C is two dimensional and oriented 
is given by 

En(f) := sup / f*u 

u£!2 J 

For example, any compact almost complex manifold tamed by a symplectic 
form is strictly tamed by that symplectic form. A strict taming is what is needed 
to get local area bounds on holomorphic curves. Strict tamings can be viewed 
as a generalization of the notion of energy used to tame holomorphic curves in 
symplectic field theory [T]. 

Example 2.4. 

A simple example of a strict taming is given by the case of the explosion 
of a compact toric manifold M relative to its toric boundary divisors. We can 
regard Expl M as a refinement of T™ given by subdividing the tropical part of T™ 
using the toric fan of M. There are global holomorphic coordinates {z\, ... , z n ) 
on ExplM. Choose some symplectic form ui on M which tames the complex 
structure. Using the standard flat metric in which the real and imaginary parts 
of Zi-g^r form an orthogonal basis, on a ball or radius 1 around (It , . . . , It ), u> 
is bounded below on holomorphic planes. Therefore, if g indicates the standard 
flat metric scaled by some small positive constant, 

w(v, Jv) > g(v, v) 

on a ball of radius 1 around (It , ... , It ). 

Given any other point p — (c!t ai , . . . , c„t a "), consider the refinement M' 
of Expl M given by subdividing Expl M by the toric fan of M translated to be 
centered at p. We may use the same global coordinates (zi, . . . , z n ) on M'. Now 
there is a smooth map 

(j) p : M' — ► Expl M 

given by 

(zi . . .,z n ) i-> (cf 1 t"° 1 2i, . . . ,c„t" a "z„) 
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We can now define lo p := §* p LO. The map <p p preserves J and the metric g, so lo p 
is non negative on holomorphic planes and satisfies 

w p (v,Jv) > g(v,v) 

on a ball of radius 1 around p. The integral of lo p on any complete exploded curve 
will be the same as the integral of u>, so the set :— {lo p for all p 6 Expl M} is 
a strict taming. 



Using the construction of Lemma |C.1| we can construct a strict taming Q in 
the following cases: 

• If Expl M is the explosion of a compact complex manifold with normal 
crossing divisors which are embedded submanifolds, and w is a symplectic 
form on M taming the complex structure, there is a strict taming of 
the complex structure on Expl M which contains lo. 



• Example B.l on page 43 constructs an exploded manifold M from a com- 
pact symplectic manifold M with orthogonally intersecting codimension 
2 symplectic submanifolds. This construction is similar to the construc- 
tion of the explosion functor, so the smooth part of M is M, and the 
tropical part of M is the dual intersection complex which has a vertex for 
each connected component of M, a ray for each of our codimension 2 sub- 
manifolds, and an n-dimensional face [0,oo) n for each n-fold intersection. 
There exists an almost complex structure on M with a strict taming £1 
which contains the pullback of the symplectic form from M. 

• Let B is a basic exploded manifold so that each polytope in the tropical 
part of B is a standard simplex. Suppose that J is an almost complex 
structure on B so that for each exploded function z locally defined on 
B, z~ 1 dz is a smooth function. (For example any integrable complex 
structure satisfies this condition.) If lo is a symplectic form on B which 
tames J, then there exists a strict taming of J which contains lo. 

If J is a civilized almost complex structure on B tamed by lo which does not 
satisfy the above condition, then it may be modified to an almost complex 
structure still tamed by lo which docs, and we may then construct a strict 
taming which contains the new almost complex structure. 



3 Estimates 

In this section, we shall prove the analytic estimates required for our com- 
pactness theorem. These estimates do not differ much from the standard esti- 
mates used to study (pseudo) holomorphic curves in smooth symplectic mani- 
folds. They are also proved using roughly the same methods as in the smooth 
case. We shall make the following assumptions: 

1. We'll assume that our target B is complete. This is required to give us 
the kind of bounded geometry found in the smooth case when the target 
is compact or has a cylindrical end. We shall also assume that B is basic. 
The assumption that B is basic is mainly for convenience in the arguments 
that follow. It is most useful in establishing coordinates and notation for 



the construction of families of smooth curves in the proof of Theorem 4.1 
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We'll assume our almost complex structure J on B is civilized. This 
artificial (but easy to achieve) assumption means that J induces a smooth 
almost complex structure on the smooth parts of B. This allows us to 
use standard estimates from the study of holomorphic curves in smooth 
manifolds with minimal modification. This assumption is needed to have 
holomorphic curves be smooth maps instead of just C 00,1 maps. 

We'll assume that J has a strict taming f2. This is required to get a local 
area bound for holomorphic curves. We shall also work with a particular 
symplectic form lu 6 17. This together with J defines a pseudo metric 
on B which collapses all tropical directions (so it is like a metric on the 
smooth part [B] .) The strategy of proof for most of our estimates is 
roughly as follows: first prove a weak estimate in w's pseudo metric, and 
then improve this to get an estimate in an actual metric on B. We shall 
use this strategy to prove estimates for the the derivative at the center of 
holomorphic disks with bounded f2 energy and small lu energy, and to get 
strong estimates on the behavior of holomorphic cylinders with bounded 
f2 energy and small lu energy. 



This section ends with Proposition 3.18 which is a careful statement of the 



fact that any holomorphic curve with bounded f2 energy, genus, and number 
of punctures can be decomposed into a bounded number of components, which 
either have 'bounded conformal structure and bounded derivative', or are annuli 
with small lu energy, (and so we have strong estimates on their behavior.) 

Throughout this section, we shall use the notation (B, J, f2, w, g) to indicate 
a smooth, basic, complete exploded manifold B, a civilized almost complex 
structure J, a strict taming f2, a choice of symplectic taming form lu G f2, and a 
metric g. If we say that a constant depends continuously on (B, J, fl,Lu,g), we 
mean that if we have a family B — > G with such a structure on each fiber, the 
constant can be chosen a continuous function on G. 



We shall use the following lemma which bounds the geometry of a com- 
plete exploded manifold. Note that given a metric g on some complete B, the 
injectivity radius is a continuous function on B, and is therefore bounded below. 

Lemma 3.1. Given a complete exploded manifold B with a metric g, there 
exists some radius R > smaller than the injectivity radius of(B,g) so that the 
following holds: 

Given a sequence of points p n G B converging top, consider the ball of radius 
R around p n as a smooth manifold B R (p n ). 

There exists a sequence of diffeomorphisms 



f n : B R (p n ) > B R (p) 

so that 

(fn)*g converges to g in C°° , 

and given any smooth tensor field 9 on B (such as an almost complex 
structure), (/«)*(#) converges to 6 in C°° . 
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Similarly, given a family B > G of complete exploded manifolds with 

fiberwise metrics g, we may choose R > to depend continuously on G 
so that the following holds: 

Given a sequence of points p„eB converging to p, consider the ball of ra- 
dius R around p n in the fiber containing p n as a smooth manifold Bji{p n ). 
Then the above conclusion holds: There is a sequence of diffeomorphisms 
f n : Br{p u ) — ► Bji(p) so that (f n )*g converges to g in C°° , and given 
any smooth vertical tensor field 9 on B, (/«)*($) converges to 9 in C°° . 

Proof: By choosing R small enough, we may assume that Br(j>) is contained 
in a single coordinate chart, and Bn(p n ) is eventually contained in the same 
coordinate chart. The lemma then follows from the fact that all smooth tensor 
fields (and their derivatives) can be locally written as some sum of smooth 
functions on B times some basis tensor fields. 

□ 

This tells us that the geometry of a complete exploded manifold is bounded 
in the same way that the geometry of a compact manifold is bounded. The 
analogous result for families is also true. 

The following is a consequence of our bounded geometry and the standard 
monotonicity lemma for holomorphic curves first proved in [2]. (The proof 
involves a bound on the covariant derivatives of J, the curvature of g and the 
injectivity radius, all of which vary continuously in families.) 

Lemma 3.2. Given (B, J, f2, g), for any e > 

there exists some E > depending continuously on (B, </, £l,g) 
so that any non constant J holomorphic curve 
which passes through a point p 

and which is a complete map when restricted to the e ball around p 

has energy greater than E. 

Proof: Let R be as in Lemma [3.1| Consider a holomorphic curve passing through 
p which is proper when restricted to the ball of radius min{i?, e} around p. The 
monotonicity lemma for holomorphic curves proved in [2] implies that there is 
some lower bound A > for the area of our holomorphic curve inside our ball. 
This area lower bound depends continuously on R, e, the covariant derivatives 
of J and the curvature of g. The bounded geometry from Lemma |3 . 1 1 therefore 
implies that there is a universal area lower bound A > depending continuously 
on (B, J, g) so that any nonconstant holomorphic curve which passes through 
any point p and which is proper when restricted to the e ball around p has area 
bounded below by A inside B e (p). Given a strict taming J7, we may convert this 
lower bound for area in to a lower bound for the f2 energy of the holomorphic 
curve. 

□ 
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Definition 3.3. Given (B, J, ui), define the pseudo-metric 



(v,w) u := ^(oj(v,Jw) +uj(w,Jv)) 

This defines a distance function d^ on |~B] . 

Lemma 3.4. Given (B,J, and a choice of e > 0, 

there exists some E depending continuously on (B, J, 

so that any non constant J holomorphic curve 
which passes through a point p 

and which is a complete map when restricted to the d^-ball of size e 
around p 

has lu energy greater than E. 

Proof: 

The fact that B is complete means in particular that it can be covered by a 
finite number of coordinate charts, M. 2n x T™ . These coordinate charts M. 2n x Tp 
with J and w can be regarded as subsets of more standard charts M. 2n x (T } ) a x T b 
cut out by setting some monomials equal to 1. This has the advantage that the 
smooth part of this is just equal to R 2n x C a , and we can assume our symplectic 
and almost complex structures just come from smooth ones here (this uses that 
J is civilized), so we can use standard holomorphic curve results. Note also that 
the above pseudo metric is actually a metric on this smooth part. The size of 
covariant derivatives of J in this metric give continuous functions on B, and 
are therefore bounded because B is complete. For a given point q € \U~\ in 
the smooth part of a coordinate chart U, the usual monotonicity lemma from 
[5] implies that there exists some lower bound Ejj(q) > for the u> energy of 
holomorphic curves which are non constant in \U~\ , pass through q € \U] and 
complete when restricted to the d^-ball of size e around q G \U~\. This lower 
bound Ejj(q) can be chosen to depend continuously on q £ \U~\ . Cover B by 
a finite number of coordinate charts Ui. The function E(q) := max^ Ejj i (q) is 
positive and lower semicontinuous on \B~\, which is compact. Therefore, there 
exists some lower bound E > for E(q). In the case of a family B — > G, cover 
B by coordinate charts so that each fiber is only contained in a finite number 
of coordinate charts, then E(q) has a lower bound E which can be chosen to 
depend continuously on G. 

Suppose now that we have a holomorphic curve that passes through a point 
p and which is complete when restricted to the G? w -ball of size e around p. Then 
either our holomorphic curve must have energy greater than E or it must have 
some connected component which is constant in \B~\ . This connected component 
must therefore not touch the boundary of our e ball, and must be a complete 



map to B. The fact that is a strict taming then allows us to use Lemma 3.2 
to complete our proof. 

□ 

The above proof also implies the following: 
Lemma 3.5. Given (B, J, f2, ui), 
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there exists some E > which can be chosen to depend continuously on 

(B,j,n,w) 

so that given any complete holomorphic curve in B, 

the u> energy of any smooth component is either greater than E, or the 
image of that smooth component in \B~\ is a point. 

Lemma 3.6. Given (B, J,Q,,ui), for any e > 0, 

there exists some E > depending continuously on (B, J, il,u>) 

so that any J holomorphic map f of {e~( R+1 ^ < \z\ < e^ R+1 ^} C C with 
LO-energy less than E 

is contained inside a d u -ball of radius e on the smaller annulus 

{e- R < \z\ < e R } 

Proof: 

Suppose to the contrary that this lemma is false. All distances in the fol- 
lowing shall use w's pseudo metric. 



Choose E small enough so that Lemma 3.4 holds for | balls. There must 
be a path in {e~( R+1 > < \z\ < e R+1 } joining z — 1 with an end of this annulus 
contained entirely inside the ball B±(f(l)). (Otherwise, / restricted to some 

to get 



subset would be a proper map to and we could use Lemma 

a contradiction.) Suppose without loss of generality that it connects '. 
circle \z\ — e~^ R+1 \ 



3.4 



with the 

Suppose for a second that there exists some point z so that e~( R+ i^ < \z\ < 
e —{R+i) a nd f(z) ^^(/(l)). As above, there must exist some path connect- 
ing z with an end which is contained in the ball B± (/(z)). There must therefore 
be some region conformal to [0,n] x [0, \] so that the d^ (f(0,t),f(n,t)) > |. 
Then the Cauchy-Schwartz inequality tells us that 

2. 1(f) 2 



-'O 
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This in turn gives a uniform lower bound for the energy of our curve. This case 
can therefore be discarded, and we can assume that all z satisfying e~( R+ ^ < 
\z\ < are contained in B3e(/(1)). 

As we are assuming this lemma is false, there must be some point z^ so that 
e~ R < \z 2 \ < e R and f(z 2 ) ^ B e (f(l)). Repeating the above argument (with 
z 2 in place of the point z = 1) gives us that z must be contained in B ^(/(z^)) 

when e R+ ^ <\z\< e R+ ^. 

We then have / contained in balls which are at least 4 apart on the boundary 



of an annulus, thus we can apply Lemma 3.4 to some point in the image under / 
of the interior at least | from both balls to obtain a lower bound for the energy 
and a contradiction to the assumption that the lemma was false. 

□ 



The following gives useful coordinates for the analysis of holomorphic curves: 
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Lemma 3.7. Given (B, J, ft, ui), 
there exist constants a and e > depending continuously on (B, J, Q,u)) 
so that for all points peB, 

there exists some coordinate neighborhood U of p 

so that the smooth part, \U~\ can be identified with a relatively closed 
subset of the open e ball in C™ with almost complex structure J and 
some flat J preserving connection V 

so that 

1. p is sent to 0, and the restriction of J to \U~\ is J. 

2. The metric (■,■)& on \U~\ is close to the standard flat metric on 
C" so that 

1 2 

-^{v,v) w < \v\ < 2(v,v) u 

3. J at the point z € C™ converges to the standard complex structure 
J on C" as z — > in the sense that 



J- Jo 



< c \z\ 



The torsion tensor 



T v (v, w) :— \7 v w — X7 w v - [v, w] 



is bounded by cq, and has its kth derivatives bounded by Ck- 

The only point in this lemma which does not follow from the definition of 
a civilized almost complex structure and calculation in local coordinates is the 
fact that the constants involved do not have to depend on the point p. This 
follows from the fact that B is complete. 

Lemma 3.8. Given a holomorphic map f of the unit disk to a space with a 
flat J preserving connection V, the partial derivative of f in the x direction 
f x defines a map to C™ defined by parallel transporting f x back to the tangent 
space at /(0) which we then identify with C™. Such an f x satisfies the following 
equation involving the torsion tensor o/V, Ty- 

df X =^JT V (fy,f X ) 

Proof: 



df x =^(VfJ x + JV f J x ) 
= 2^ T v(/i/' fx) 

□ 



11 



As the 3 above is the standard linear d operator, this expression is good 
for applying the following standard elliptic regularity lemma for the linear d 
equation. (An exposition of the proof can be found in [6]). This allows us to get 
bounds on higher derivatives from bounds on the first derivative of holomorphic 
functions. 

Lemma 3.9. For for a given number k and 1 < p < oo, there exists a constant 
c so that given any map f from the unit disk D{\), 

ll^ll^+i^d)) " C (ll^ll^(r>(l)) + Wfh» k (D(i))) 
Lemma 3.10. Given (B, J, to), 
there exists 

some energy E. 
some distance r > 0, 
and a constant c, 

each depending continuously on (B, J, to) 

so that any holomorphic map f of a disk {\z\ < 1} into B which either 

has Lu-energy less than E 

or is contained inside a d u -ball radius r, 

satisfies 

\df\ u <c at z = 

We shall omit the proof of the above Lemma which is a standard bubbling 
argument, similar, but easier than the proof of the following: 

Lemma 3.11. Given (B, J, f2, w, (/), for any E > 0, 

there exists 

some e > 0. 
distance r > 0, 
and constant c, 

each depending continuously on (B, J, f2, lo, g) 

so that any holomorphic map f of a disk \z\ < 1 into B with £1- energy less 
than E, and either 

contained in a d u -ball of radius r 
or having co-energy less than e 

satisfies 

\df\ g < c at z = 
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Proof: 

Suppose that this lemma was false. Then there would exist some sequence 
of maps fi satisfying the above conditions with |ci/j(0)| — * oo. First, we obtain 
a sequence of rescaled J holomorphic maps fi : D(Ri) — ► B from the standard 
complex disk of radius Ri so that 



dft 



< 2 



dfm =1 

lim Ri — oo 

i — >oo 

We achieve this in the same way as in any standard bubbling off argument 
such as the pro of of lemma 5.11 in pQ. We can then use Lemma [3.7| Lemma 



and Lemma 



3.9 



to get a bound on the higher derivatives of fi on D(Ri — 1). 



As B is complete, we can choose a subsequence so that /;(0) converges to 



some p G B. Lemma 3.1 tells us that the geometry of (g,J,uj) around /i(0) 
converges to that around p. Considering all our maps as maps sending to 
p, we can choose a subsequence that converges on compact subsets to a non 
constant holomorphic map / : C — > B. Note that / either has w-energy less 
than e or is contained in a ball of radius r in the ui pseudo-metric. Because / 
must have finite u> energy, we can use Lemma |3.6| to tell us that / must converge 
in the ui pseudo-metric as \z\ — * oo. Then by choosing e or r small enough, we 
can prove using Lemma |3.4| and the standard removable singularity theorem for 
holomorphic curves, that / must be constant in [B] because / either has u> 
energy less than e or is contained in a <i w -ball of radius r. 

Now that we have that the image of / is a point in |~B] , we know that / must 
be contained entirely within some (C*)™ worth of points over a single point in 
|~B] and a single point in B- This (C*) n has the standard complex structure, 
so / gives us n entire holomorphic maps from C — ► C*. As / is non constant, 
at least one of these maps must be non constant. This map must have infinite 
degree, as it must have dense image in the universal cover of C* which is just 
the usual complex plane. It therefore has infinite fi-energy, contradicting the 
fact that it must have fi-energy less than E. 

To prove the family case, it is important to note that (as stated at the start of 
this section), when we say our constants depend continuously on (B, J, fi, (J,g), 
we mean that given any finite dimensional family, (B — ► G, J, fi,w,g), the 
constants can be chosen to depend continuously on G. With this understood, 
the proof in the family case is analogous to the above proof. 

□ 

Lemma 3.12. Given (B, J, fi, u>), 

there exists 

an energy bound E > 0, 
a distance r > 0, 

and for any < 5 < 1 a constant c, 
each depending continuously on (B, J, fi,o;) 
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so that any holomorphic map f from the annulus e~^ R+1 ' < \z\ < e^ R+1 ' to B 
with to energy less than E, or contained inside a ball of lo radius r satisfies 
the following inequality 



*,(/(*), /(!)) < 



\z\° + \z\-°) for e 



< z < e 1 



Proof: 

For this proof we shall use coordinates z = e t+lS , and the cylindrical metric 
in which {5^,55} are an orthonormal frame. 

We choose our energy bound E > small enough that we can use the 
derivative bound from Lemma |3.10| and Lemma |3.6| implies that the smaller 
annulus is contained a small enough ball that we can use the coordinates of 
Lemma [3~7] (we also choose r small enough that this is true). We then have the 
following estimate for the (standard) d of / in these coordinates. 

\Bf\< Cl \df\\f\ 

We can run this through the inequality from Lemma |3.9| to obtain the fol- 
lowing estimate on df restricted to the interior of a disk (which holds on the 



interior of the cylinder where we have the derivative bound from Lemma 3.10 ) 

\\ 9 A\lp(D(^)) - Cl ll/lli?(£)(i)) ll/lli«>(U(|)) ^ C 2 ll/lli-(£)(l)) Il/llz,=°(£>(!)) 

(1) 

The second inequality uses Lemma |3.9| and the derivative bound from Lemma 



3.10 Here C2 is a constant depending only on the p from LP and (B, J,u>). We 
can fix p to be something bigger than 2. By choosing E or r small, we can force 



l/l to be as small as we like on the smaller cylinder using Lemma 3.6 
Now we can use Cauchy's integral formula 



27ri/(z ) 



/(*) 

'|*|=1 z ~ z o 
or in our coordinates, 

r 2-n 

f(t ,e ) 



-dz - 



\z\=e 2 ' z — z 



-dz - 



f(o,e) 



-de 



1 



2tt 



df(z) 

l<\z\<e 21 z ~ Z Q 

m,e) 



A dz 



2tt J q 1 - efee*^- 9 ") 2tt J a 1 - e *D-2J e i(e-e D ) 

l_ ^ [ 2l Bf(0,t) 
2tt L Ll- e *o-t e »(e-eo) 



de 



dtd6 



10 Jo 

Let us now consider each term of this expression for /(/, #o) m the middle of 
a cylinder under the assumption that the average of f(2l, 9) is 0. 
The first term: 

/•2tt 



1 

2^ 



/(o,0) 



1 _ e i e i(e-e ) 



de 



< 



1 



1 



max |/(0, 0)| 



The second term using that the average of f(2l, 9) is 0, 



2tt 



/(2J,0) 



1 



2tt 7 1 - e l ~ 2l e l ( e ~ e o) 



de 



2?r 



2tt 



W,8) 







2 TV 



< 



1 



1 - e -' e i(0-0o) 

e _i e i(e_e ) 



-1 dfl 



1 



max |/(2/, 0)| 
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The third term: 



1 

2n 



2tt 



df(0,t) 

I — e to-t e i(6-e ) 



dtdd 



< m 



1 

L3 2n 
<c 3 (/ + l) 



max 
te[-i,2Z+i] 



1 

e l-t e i(0-8 ) 

\f(t,o)\ 



L2 



max I f(t, 

te[o,2i] 



The constant C3 depends only on (B, J,u). It is zero if J is integrable. 

To summarize the above, we have the following expression which holds if the 
average of f(9,2l) is 0. (It also holds if the average of f(9,0) is due to the 
symmetry of the cylinder.) 



\f(l,9)\ <^—r (max |/(0, B)\+ max |/(2Z,0)|) 

(2) 

+ C3a + l)^ [ max + J/( M )|j^maxJ/(, 

The amount that the average of f(to,0) changes with to inside [0,2/] is 
determined by the integral of df 7 which is dominated as above by a term of the 
form 

change in average < C4Z1 max \f(t, 0)1] ( max \f(t, 0)1) (3) 

\te[-i,2i+i] / \te[o,aq / 

Now let's put these estimates into slightly more invariant terms: Define the 
variation of f(t,8) on [a,b] x T 1 as follows: 

Vf([a,b]):= max d u (f(ti, 0i), f(t 2 , 9 2 )) 

t 1 ,t 2 e[a,b] 

Now the above two estimates give the following: 

Vf([a, a+l]) < ( + c 5 (l + l)Vf([a -l-l,a + 2l+ 1])^ Vf([a-l, a+2l}) 

(4) 

We shall now complete the argument for one particular 5 - say 8 = h. Now 
if we choose I large enough, and then make Vf small enough by making our 
energy bound E small (or directly making r small), we can get the estimate 

-81 

Vf([a,a + l]) < —Vf([a-l,a + 2l\) for [a - I - 1, a + 21 + 1] c [-R,R] (5) 
o 

Applying inequality [5] three times, we get that on the appropriate part of 
the cylinder, 

Vf([a -l,a+ 21]) < e- 5l Vf([a -2l,a + 31]) 

-521 

so Vf{[a, a + l])< — Vf([a ~2l,a + 3/]) 

Inductively continuing this argument gives that if [a — nl,a+ (n +1)/] C 
It ■ 1 • 

Snl 

Vf([a, a + l])< __ V/([a - nl, a + (n + 1)1]) 
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The required estimate follows from this. 

Once we have the required convergence for one S, we may obtain inequality 
[5] for other 5 from [4] by restricting suitably far into the interior of the annulus 
so that Vf is small. Then repeating the above argument gives the required 
inequality (with a different constant). 

□ 



Lemma 3.9 Lemma [3. 8 1 and the coordinates from Lemma 3.7 from page 11 



can be used with inequality [T] on page 14 in a standard fashion to get a similar 
estimate on the derivative of / in the to pseudo metric. This gives the following 
corollary which states with quantifiers that any cylinder with small enough lu- 
energy can be restricted to a smaller cylinder to have w-energy as small as you 
like. 

Corollary 3.13. Given (B, J, Q,u), 

there exists some energy E > depending continuously on (B, J, fi,w) 

so that given any E' > 0. 

there exists some distance R depending continuously on (B, J, f2, to, E') 
so that given any holomorphic map f of a cylinder 

{e- l - R < \z\ < e l+R } 

to B with lu energy less than E, 
the lu energy of f restricted to e~ l < \z\ < e l is less than E' . 

Lemma 3.14. Given (B, J, Q,g), an energy bound E < 00, and a covering of 
B by coordinate charts, 

there exists 

an open cover {Ui} o/B 

and for each < 5 < 1 a constant c 

so that the following is true: 

Each member of our open cover Ui is contained in some particular coor- 
dinate chart. 

Given any holomorphic map f with Cl-energy less than E from a cylinder 
e -(i?+i) < | z | < e {B,+i) £ g contained inside Ui, 

there exists a map F given in coordinates as 

F(z) := ( Cl z a n a \...,c k z a n ak ,c k+1 ,...,c n ) 

so that 

dist (f(z) - F{z)) < ce~ 5R (\z\ S + \z\- 5 \ for e~ R < \z\ < e R 

where for i € [l,fc], c% G C*, a, € K, a, € Z, and fori £ [A;+l,n], 
Cj G R. dist indicates distance in the metric g. 



1G 



In the case that we a have a family (B — ► G, J,£l,g) with the above structure, 
we can choose c continuous on G. 

Proof: 

First, choose any symplectic form w £ O. Because B is complete, we can 
then choose a finite covering {Ui} of B by open subsets which are contained 
inside our coordinate charts and which are small enough in the u> pseudo metric 
so that Lemma |3.12| tells us that for any holomorphic map from a cylinder as 
above contained inside U, 

dM(z)J(l))<ce- s ' R (\zf + \z\- S ') (6) 

where 5' = ^rp. In the family case, we choose our open cover {Ui} to be 
fiberwise finite, and the above constant c depends continuously on G. 
In our coordinates, 

/(l) = { Cl t a \...,c k i a \c k+1 ,...,c n ) 

We can choose on so that the winding numbers of the first k coordinates of 
/(e ) are the same as our model map F: 

F := ( Cl z a H a \. . . , c k z a H a «,c k+1 , ...,c n ) 

The metric g can be compared to the pseudo metric from w on the last 
coordinates c k+ \, . . . ,c n , so we only need to prove convergence in the first k 
coordinates. Let us do this for / restricted to the first coordinate f\. 

For this, use coordinates z = e t+t6 on the domain with the usual cylindrical 
metric and the similar cylindrical metric on our target. (Choose members of 
our open cover to be compactly contained inside our coordinate chats so that 
this standard flat metric on the coordinate chart is comparable to g). Use the 
notation 

CiZ ai t ai 

where h is a C valued function so that h(0) = 0. The metric we are using on 
the target is the standard Euclidean metric on C. Our goal is to prove the 
appropriate estimate for h. 

First note that Lemma |3.9| and Lemma |3.8| can be used with the inequality 
[6] in a standard fashion to get a similar estimate on the derivative of / in the uj 
pseudo metric. 

\df(z)l < ce- 5 ' R (\zf + \z\- S ') for e~* < \z\ < e R (7) 

(The c in the above inequality is some new constant which is independent of f ) . 
So long as we have chosen members of our open cover Ui compactly contained 
inside our coordinate charts, the following inequality holds inside Uc 

\Jv-J v\ g <M\vl 

where Jo indicates the standard complex structure, and M is a constant, which 
may have to depend on G in the family case. To see this, consider the standard 
basis for vectorfields in coordinates and the real and imaginary parts of 
Ziipr, and suppose that v is one of these basis vector fields. Jv — Jqv is smooth 
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and vanishes whenever \v\ — 0. The fact that d u is actually a metric on the 
smooth part of our coordinate chart them implies that the above inequality holds 
for v being a basis vector field. As each side of the above inequality measures 
the size of a tensor, the general case follows. The above inequality implies that 
| dfx | in our coordinates is controlled by \df\ uJ . This then gives that for some 
new constant c independent of / we get the following inequality: 

\5h(z)\ < ce~ s ' R {\zf + \z\- & ') for e~ R < \z\ < e R (8) 

If we choose our open cover small enough using , Lemma |3.11| gives us a 
bound for \df\ on the interior of the cylinder, so we have that there exists some 
c independent of / so that 

\dh(z)\ < cfor e~ R < \z\ < e R (9) 

We can now proceed roughly as we did in the proof of Lemma |3.12| In 
particular, Cauchy's integral theorem tells us that 



1 

'27T./M 



2 71 



1 

2^ 



h(t o -l,0) 

27T pto+l 



dO- 



dh(t,6) 



t -l 



1 _ e t o -t e i(0-9 o ) 



1 

2^ Jo 

dtde 



h(t + l,6) 



e~ l e 



i e i(e-e ) 



d6 



We can n ow bound each term in the above expression as in the proof of 

I except we use the estimate [8] to bound | Bh | . 
Then we have the following estimate: 



Lemma 



Ht ,e )-— / h(t + l, 
27r Jo 



< 



e l -l 



h(t a - I, 



h(t + l,0) 



2^ jo 
1 

2^ 



h(t + l,9)d6 



2tt 



h(t o + l,8)d0 



+ c(l + l)e 



-S'R e S 



.5' t 



-S't 



(Of course, this is a new constant c, which is independent of I or h.) 

Note that the change in the average of h is determined by the integral of dh, 
which we can bound using estimate [8] The change in this average can then be 
absorbed into the last term of the above inequality. Define the variation of h 
for a particular t as follows: 



Vh(t) 



max 



h(t,9) 



1 

2^ 



2tt 



h(t, 



We then have the following estimate (with a new constant c): 

Vh(t) < -j^—riVhit + l) + Vh{t - I)) + c(l + l)e 5 '^- fl ) (e s>t + e" 5 '*) 

Recalling that S < 5' and Vh is bounded by equation [9] we can choose I large 
enough so that for R sufficiently large, using the above estimate recursively tells 
us that there exists some c independent of / or R so that 
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Vh(t) < ce- 5R (e 5t + e" 5 *) for — R < t < R 

(This estimate follows automatically from the bound on Vh for R bounded.) 
The required estimate for h then follows from the fact that the change in the 
average of h is bounded by the estimate [8] which is stronger than what we need 
(which is the same equation with 8 in place of 5'). We therefore have 

h{z) < ce- SR (\zf + \z\~ S ) for e" fl < \z\ < e R 
which is the required estimate. 

□ 



To prove compactness results, we shall divide our domain up into annuli 
with small energy, and other compact pieces with derivative bounds. For this 
we shall need some facts about annuli. Recall the following standard definition 
for the conformal modulus of a Riemann surface which is an annulus: 

Definition 3.15. The conformal modulus of an annulus A is defined as follows. 
Let S(A) denote the set of all continuous functions with I? integrable derivatives 
on A which approach 1 at one boundary of A and at the other. Then the 
conformal modulus of A is defined as 

^ f A (df o J) Ad/ _ f ™f A) J A \df\ 2 

We can extend the definition of conformal modulus to include 'long' annuli 
inside exploded curves as follows: 

Definition 3.16. Call a (non complete) exploded curve A an exploded annulus 
of conformal modulus log xi~ l if it is connected, and there exists an injective 
holomorphic map f : A — > T with image {1 < \z\ < xt~ 1 }. Call it an exploded 
annulus with semi infinite conformal modulus if it is equal to (a refinement of) 
{|Z|<1}CT{. 

(We use xt~ l in the above definition because the tropical part of the resulting 
annulus will have length I.) Two exploded annuli with the same conformal 
modulus may not be isomorphic, but they will have a common refinement. 



We shall need the following lemma containing some useful properties of the 
(usual) conformal modulus. 

Lemma 3.17. 1. An open annulus A is conformally equivalent to 

{K\z\<e R } 

if and only if the conformal modulus of A is R. If the conformal modulus 
of A is infinite, then A is conformally equivalent to either a punctured 
disk, or a twice punctured sphere. 

2. If {Ai} is a set of disjoint annuli A4 C A none of which bound a disk in 
A, then 

R{A)>Y,R{Ai) 
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3. If Ai and A 2 are annuli contained inside the same Riemann surface which 
share a boundary so that 

(a) R(A 2 ) < oo, 

(b) and the other boundary of A\ intersects the other boundary of A 2 and 
the circle at the center of A%, 

then 

(This inequality is not sharp.) 




4- If Ai and A 2 are annuli contained inside a Riemann surface so that every 
circle homotopic to the boundary inside A 2 contains a segment inside A\ 
that intersects both boundaries of A\, then 




Proof: 

The first two items are well known. To prove item [3] first set R = R(A 2 ) 
and put coordinates (0, R) x R/27rZ on A 2 . Consider any function / S S(Ai). 
Without losing generality, we can assume that the shared boundary is (0,9), 
and that some segment of the other boundary of A\ is a curve in A 2 between 

,0) and (R,0 ) where 8 Q > 0. Then consider integrating \df\ 2 along diagonal 
lines (Rt, — Airt + c). Each of these lines contains a segment inside Ai on which 
the integral of df is 1. The length of each segment is bounded by ((47r) 2 + R 2 ) s . 
The integral of \df\ 2 along this segment is therefore at least (167r 2 + i? 2 )~5 . This 
tells us that the integral of \df\ 2 over A\ is at least , and therefore, 

(167T 2 +i? 2 ) „, , , . 16tt 2 



R 



R(A 2 ) 



R(A 2 ) 
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To prove item [4J consider a function / € S(A\). We shall integrate \df\ 2 
along segments of the form (c, t) inside A2 H A\ traveling from one boundary of 
A\ to the other. The integral of df along such a segment is 1, and the length of 
the segment is at most 2ir, so the integral of \df\ 2 along the segment is at least 
s4r, and the integral of \df\ 2 over A\ is at least R< ^ 2 - . Therefore, we have 

4tt 2 

iZ(Ai) < 



R(A 2 ) 

□ 

The following proposition gives the existence of a decomposition of any holo- 
morphic curve / with bounded energy and topology. This decomposition is into 
annular regions with small energy and complementary regions with bounded 
conformal modulus on which the derivative of / is bounded. 

Proposition 3.18. 

Given 

(B, J, ft, ui, g), 

an energy bound E. 

a number N to bound genus and number of punctures, 

and small enough e > (which will bound the energy of some annular 
regions), 

there exists 

a number bound M depending lower semicontinuously on (B, J, fi, to, g, E, N, e) 
(M shall bound a number of annular regions) 

for any large enough distance R, a derivative bound c and conformal 
bound R depending continuously on (B, J,CI,uj, g, E,N,e, R) 

and an energy lower bound e > depending continuously on (E, R, e) 

so that the following is true: 

Given any complete, stable holomorphic curve 

f.C^B 

with energy at most E, and with genus and number of punctures at most 
N , there exists some collection of at most M exploded annuli A, C C, so 
that: 

1. Each Aj has conformal modulus larger than 2R 

2. Put the standard cylindrical metric on A,, and use the notation Aj j 
to denote the annulus consisting of all points in Aj with distance to 
the boundary at least I. Then 

A r , n A r = if i ^ j 

3. f restricted to Aj has energy less than e. 
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4- Each component of C — (J A^j is a smooth Riemann surface with 
bounded conformal geometry in the sense that any annulus inside one 
of these smooth components with conformal modulus greater than R 
must bound a smooth disk inside that component. 

5. The following metrics can be put on Aj and each smooth component 
ofC U A 

(a) On any component which is a smooth torus, use the unique flat 
metric in the conformal class of the complex structure so that the 
area of the torus is 1. 

(b) If the component is equal to a disk, an identification with the 
standard unit disk can be chosen so that if Ar^ is the bounding 
annulus, is in the complement of Aj. Give components such 
as this the standard Euclidean metric. 

(c) If the component is equal to some annulus, give it the standard 
cylindrical metric on R/Z x (0,/). Give each Aj the analogous 
standard metric. 

(d) Any component not equal to a torus, annulus, or disk will admit 
a unique metric in the correct conformal class with curvature 
— 1 so that boundary components are geodesic (there will be no 
components which are smooth spheres). Give these components 
this metric. 

On any component of C — (J Aok a , the derivative in this metric is 
bounded by c 

W\ g < c 

Moreover, on Abr • — A oh ,-, the ratio between the two metrics defined 

10 > l 10 

above is less than c. 

6. f restricted to any component of C — (J A^ j which is a disk, annulus 
or torus has u> energy greater than eo > 0. 
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Proof: 

Lemma [3 . 1 1 1 tells us that for e small enough, any holomorphic map of the unit 
disk with w-energy less than e and fi-energy less than E must have derivative 
at bounded by cq- We shall prove our theorem for e small enough so that this 
is true, and small enough that Corollary |3. 13 also holds with an energy bound 
of e. We shall also choose our distance R greater than 4ir (for use with Lemma 



3.171, and large enough that Corollary 3.13 tells us that if / restricted to some 



smooth annulus Aj has w-energy less than e, then the w-energy of / restricted 
to the smaller annulus A n „■ is less than f . 

-2-1 5 

Let us now begin to construct our annuli. First, note that any edge of C has 
zero w-energy, so we can choose an exploded annulus A, containing each edge 
with w-energy less than |. (Note for use with item |6j that in the case that this 
bounds a disk, the w-energy of the resulting disk willbe at least y ) . We can do 
this so that these Aj are mutually disjoint. Note that the complement of these 
A.j is a smooth Riemann surface with boundary. (Note also that no component 
of C can be isomorphic to T as the fi-energy of any complete component is 
equal to the w-energy which must be zero on T.) 

For each connected component of C which is a smooth sphere, we shall 
now remove an annulus. First, note that we can put some round metric in the 
correct conformal class of the sphere so that there exist 3 mutually perpendicular 
geodesies which divide our sphere into 8 regions each of which has equal u>- 
energy. As our sphere must have energy at least e in order to be stable, we can 
choose two antipodal regions that each have energy | . By choosing e > small 
enough, we can then get that there exist two disks with w-energy at least eo 
which intersect each of these regions, and which have radius as small as we like. 
Choose eo > small enough that the complement of these disks is an annulus 
of conformal radius at least k(2R + 1) for some integer k > ^f-. How small eo is 
required to achieve this depends only on R, e and E. Then we can divide this 
annulus into k annuli with conformal modulus at least (2R +1), at least one of 
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which has w-energy at most |. Add this annulus to our collection. Note that it 
bounds disks which have energy at least cq. 



cj-energy < 




w-energy > £q 



Consider a holomorphic injection of the unit disk i : D — > C into the 
complement of our annuli Arj constructed up to this point. Suppose that i(0) 
is in the complement of An 



3.17 



tells us that the restriction of 
Now suppose that \d(f o i)\ > 
CQeTr T ^"" T '' where k is some integer greater than — . Then the restriction 
of / to the disk \z\ < e -1 ^ fc(2fl+i) mus ^ nave energy greater than e due to 



i to \z\ < e 



Then Lemma 
is in the complement of Ajj 



Lemma |3.11| This disk is surrounded by k disjoint annuli of conformal modulus 
(2R + 1) which are contained in the complement of As,. At least one of these 
must have energy less than |. Add this annulus to our collection. Continue 
adding annuli in this manner. After a finite (but not universally bounded) 
number of times, no more annuli can be added in this way. We shall argue this 
below after adding some more annuli. 



New low energy annulus 







\ Ar \ 


\ / 2 





Disk with w-energy > eo 



We now want to add annuli so that condition [4] is satisfied. Suppose some 
smooth component of C — (J Ar contains some annulus of conformal modulus 
greater than 2i?(3+ — ) that does not bound a disk. Note that as we have chosen 
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R > Air, the size of such an annulus is greater than 2R(1 + ^f-) + 2R+ 
The annulus of si ze R a t its end can't be contained entirely within A,-, and then 
part 4 with the next annulus of size in the place 



3.17 



applying Lemma 

of Ai, we sec that our annulus minus annuli at each end of conformal modulus 
R+ must be contained entirely in the complement of As i . We then obtain 
more than ^ disjoint annuli in the compliment of As ; with conformal modulus 
greater than 2R. The restriction of f to at least one of these annuli must have 
w-energy less than e. Add this annulus to our collection. 




New low energy annulus 



We shall now argue that we can only add a finite number of annuli in this 
manner. The number of annuli that bound disks is bounded by — plus the twice 
the number of connected components of C that are spheres (which is bounded 
by f ). There are also a finite number of exploded annuli with infinite conformal 
modulus. The number of these is bounded by our topological bounds, and the 
fact that there are at most — spherical components with fewer than 3 punctures. 
Call the complement of all the above annuli Co- There is then a bound on the 
number of homotopy classes in Co of our remaining annuli, given by our bounds 
on the topology of C, the fact that we have removed a bounded number of annuli, 
and the observation that for any Riemann surface with boundary, there are only 
a finite number of homotopy classes which contain annuli of conformal modulus 
greater than 4tt (Lemma 3.17 part|4]can help to prove this). If there were an 



infinite number of annuli Ah t in our collection in the same homotopy class, 
then there would exist an annulus in Co in that homotopy class which contains 
all of them. As the As i are disjoint and have conformal modulus at least R, 
this annulus would have to have infinite conformal modulus. Note that there 
are no nontrivial annuli of infinite conformal modulus in Co (because we have 
removed the annuli containing edges and at least one annulus from each spherical 
component), and if an annulus of infinite conformal modulus surrounds a disk 
with energy greater than eo , then the derivative of / must have been unbounded 
there. This is not possible, so we must only have a finite number of annuli in 
our collection. Note that everything apart from our bound on the number of 
annuli in a fixed homotopy class is bounded independent of /. 

Now we shall merge some annuli so that there exists no annular component 
of C — IJA-R^ with w-energy less than |. Then we will have a bound on 
the number of annuli which is independent of /. Suppose that we have some 
collection {Ai, . . . , A„} of our annuli so that A^ and A^j+i bound an annulus 
which has w-energy less than |. Use the notation A[„ l n ] to denote the annulus 
that consists of A m , A„ and everything in between. Then, as we've chosen 
each of our Aj to have w-energy less than 



^-[m+2] has w-energy less than 
e, so we can apply Corollary |3. 13 to show that far enough into the interior of 
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this cylinder, there is very little w-energy. (Note that as the edges of exploded 
curves always have no w-energy, so there is no difficulty in applying this lemma 
in th e seemingly more general setting of exploded annuli.) Applying Lemma 
part [3] and noting that as we have chosen R > Air, we have 2R > R + 

' [i,i+2] — A-i — A i+2 C Abj 1i1+2 ]. We have chosen R large enough 
tells us that the energy of / restricted to Ah ^ i+2 ] is less 
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3.13 



we see that A 
that Corollary 

than |. We can now repeat this argument inductively to show that the energy 
of / restricted to A[ lTl ] is less than e and Ae ^ ra j is less than |. 




has low ^-energy 



Now, replace all of our sets of annuli {A 1: . . . , A„} of maximal size obeying 
the above conditions with the annulus given by Ah j, A« n and everything in 
between. (Note that if we had some collection of annuli which bounded small 
energy annuli in a cyclic fashion, we would obtain a connected component of C 
which had energy less than e, and was therefore not stable.) 

We shall now check that all the conditions we require are satisfied by this 
new set of annuli. First, the number is bounded independent of /. The size 
of each annulus is greater than 2R. Our resulting set of annuli also obey the 
non-intersection condition [2] because the original set did. We showed above 
that the energy of each new annulus is less than e. Because the complement of 
our original set of annuli obeyed condition 4 with a bound of 2i?(3 + ^p), by 
increasing our conformal bound appropriately and using Lemma |3.17| we can 
achieve condition [4] The lower bound on the w-energy of unstable components 
is also satisfied by construction. 

All that remains is condition [5] Note first that the complement of our annuli 
Ajj i admits metrics as described in [5] The fact that there exists some c so that 
the metrics we choose on different components differ by a factor of less than c 
on AeHj-AsH, follows from conditions^ and |2j and the bound on topology 
as follows: The complement of A^ is a Klemann surface with bounded genus, 
a bounded number of boundary components and bounded conformal geometry 
from condition |4j An easy compactness argument tells us that there exists a 
constant d so that any injectivc holomorphic map of the unit disk into either Aj 
or the complement of A#.j has derivative at bounded by d . We can use this 
(remembering that R > Ait > 10 so we can get a disk of unit size centered on 
any point inside Ags - Asa) to get the ratio of the metric on the complement 
of A-Rj divided by the metric on A, is bounded by d here. 

Then, we can use Lemma 3.17 and our conformal bound from condition [4] 
to get some lower bound tq > so that the boundary of Ash and Abr is 
further than ro from the boundary of the complement of A^j. A second easy 
compactness argument then tells us that if we fix any distance ro > 0, there 
exists some constant c ro (only depending on the bounds in the above paragraph) 
so that for every point further than ro from the boundary there exists an injective 
holomorphic map of the unit disk sending to that point, with derivative at 
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greater than c ro . We then get that the above ratio of metrics above is bounded 
below by — f . 

We must now prove our derivative bound on the complement of A or . We 

10 

shall do this by proving that given any holomorphic injection of the unit disk 
i : D — ► C — [jAji,,: so that i(0) ^ Ash f , then \d(f o is bounded. Then, 
our conformal bound from condition [4] will tell us that we have a bound on \df\ 
in the metric that we have chosen. 

We do this in two cases. First, suppose that t(0) is in the complement of 
As , for all our old annuli. Then, Lemma 3.17 tells us that the image of i 

restricted to the disk of radius e R is contained in the complement As i for 
all our old annuli, as argued above. If the derivative of / o i on this disk was 
large enough, we would be able to add another annulus to our old collection in 
the manner described above. As this process terminated, \d(J o t)| is bounded. 
Second, suppose that t(0) is contained inside As i for one of our old annuli. 

2 

tells us that the restriction of t to the disk of radius e _16 T 
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Then Lemma 

must be contained inside Aj, and therefore have energy less than e. This means 
that \d(f o l) \ < coe 16 Tr ; and our derivative is bounded as required. 

□ 



4 Compactness 

Theorem 4.1. Given a basic, complete exploded manifold B with a civilized 
almost complex structure J and strict taming fl, the moduli stack A4 ffjrlj _E(B) of 
stable holomorphic curves with a fixed genus g and number of punctures n, and 
with fl energy less than E is compact using the C°°'- topology. 

More generally, if (B — ► G, J, f2) is a family of such (B, J, £1), the map 
■Mg,n,E(B — * G) — > G is proper. 

In particular, this means that given any sequence of the above holomorphic 
curves in the fibers over a convergent sequence of points in G, there exists a 
subsequence /' which converges to a holomorphic curve / as follows: There 
exists a sequence of families of C 00 '- curves, 

(CJi) A B 

I I 
F ► G 

so that this sequence of families converges in C°°- to the family 

(C,j) ^ B 

I I 
F — G 

and a sequence of points p 1 in F so that p l — > p, f l is the map given by the 
restriction of /' to the fiber over p 1 , and / is given by the restriction of / to 
the fiber over p. Of course, the case where we just have a single (B, J, lo) is the 
same as the family case when G is a point. 
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The proof of this theorem uses Lemma [3.14| on page [T6| and Proposition |3.18| 



on page 21 Together, these allow us to decompose holomorphic curves into 
pieces with bounded behavior. A standard Arzela-Ascoli type argument gets a 
type of convergence of these pieces. If we were working in the category of smooth 
manifolds, this would be sufficient to prove the compactness theorem because 
the type of convergence involved would have a unique limit, and therefore the 
limiting pieces would glue together. The extra problem that must be dealt with 
in this case is that we are not dealing with a type of convergence that has a 
unique limit, so we must work much harder to show that our resulting 'limiting 
family' for each piece glues together to the limiting family F. 

Example 4.2. 

The following are examples of the types of non uniqueness we have to deal 
with: 

1. In T\, let p % be a sequence of points so that z(p l ) = Then p 1 — > p 
where p £ Tj is any point so that z(p) = ct a where a > 0. Note that 
there is no 'point' p £ Tj so that z(p) = 0t°. This is one reason that non 
unique limits need to be considered. 

2. Expanding example [l] consider the maps /* : CP 1 — ► CP 1 x Tj given 
by f l {u) — (u,p l ). This sequence of maps does not have a unique limit. 
We instead consider the family 

CP 1 x T} CP 1 x Tj 

I 

T\ 

Then the sequence of maps p are given by the restriction of / to the 
inverse image of p % . These converge to / restricted to the inverse image of 
p, where p £ T\ is any point so that p % — ► p. 

3. Expanding example [T] to see different behavior, consider the map 

tt : T 2 2 — > T\ 

so that 7r(wi, W2) — w\W2- This can be considered to be a family of annuli 
by restricting to the subset where \w\\ < 1 and \u>2\ < 1. Then 7r~ (p*) 
is an annulus 1 > \wi\ > i, or i < \u>2\ < 1. These domains converge to 
tt~ 1 (p) where p = ct a for any c £ C* and a > 0. 7r _1 (ct a ) is equal to the 
subset of Tjp a j, with coordinate Wi so that 1 > \wi\ > cl a 

4. Let us expand on example[3]by adding in the information of maps f l from 
our domains n~ 1 (p l ) to T 2 . Suppose that 

f(»i) = (c>i,c>i) 

so of course, 

i 1 



28 



If (c\, c\) <E T 2 arc generically chosen, we will not have a unique limit even 
if we restrict to the bounded domain 1 > \w\\> \. To put all our /* into 
an individual family, consider the family 

rj,2 x rjil /(ci,C 2 ,li)i>2): = (cili)l,C2-iI'l) ) ^2 
4 id X7T 

T 2 x Tj 

Our individual maps p are the restriction of / to the fiber over (c\, c\,p l ). 
These converge to the restriction of / to the fiber over any point (Si, 62, cl a ) 
where a > 0. Note that if we restricted to the domains where 1 > > 
\ui2\ or 1 > \ui2\ > \w%\, then we get a T 2 worth of valid limits for each 
domain. There is a non trivial requirement that needs to be satisfied for 
these limits to be glued together. 

Apart from an easy use of an Arzela Ascoli type argument and elliptic boot- 
strapping, the main hurdle to proving Theorem |4.1| is dealing with the above 
types of non uniqueness for limits in showing that the different limiting pieces of 
our holomorphic curves glue together. One way to think of the problem at hand 
is that there will be a unique limit of our sequence of curves in the smooth part 
of B, but there will be a family of valid tropical choices for our limit. We must 
construct a family of curves which contains all these tropical possibilities, and 
extend this family a little so that we can capture the behavior of our sequence of 
curves. There is some choice involved in this extension of a family, but we shall 
construct the family locally in coordinate charts. To make our choices match 
up, we shall use equivariant coordinate charts, which are constructed in Lemma 

EH 

The following lemma constructs compatible T n actions on neighborhoods of 
strata in B. These T n actions are defined on page [41] Locally, each T n action 
is given by multiplying the Tp coordinates of W n x T P by constants, so 

(£1, . . . , C n ) * (x, Zi, . . . , Z n ) — (x, C1Z1, . . . , c n z n ) 

We shall need these T™ actions to move parts of our curves around in a consistent 
way. 

Lemma 4.3. Given any basic exploded manifold B, and a family B — ► G, for 
each strata B; C B, there exists some open neighborhood U, C B containing 



Bi and a free action of T n on Uj in the sense of definition A. 2 (where n is 
the dimension of the tropical part of Hi). This T™ action on Uj satisfies the 
following properties: 

1. The T™ action preserves fibers of the family B — ► G, in the sense that if 
Pi and p 2 have the same image in G, then z*pi and z*p 2 also have the 
same image in G. 

2. If the closure of Hi contains Bj, then the restriction of the action o/T™ 
on XJi to Uj l~l Uj is equal to the restriction of the T™ 1 action on Uj to 
Ui n Uj and to some subgroup. 
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Proof: 

This follows immediately from Lemma |A.3| Choose equi variant coordinates 
on B — ► G, and let Uj be some open neighborhood of Bj contained inside the 
union of all our coordinate charts that intersect Bj. As each of these coordinate 
charts intersect Bj, and B is basic, there is a canonical inclusion of Bj into the 
tropical part of each of these coordinate charts, and a corresponding action of T™ 
on these coordinate charts given by multiplying the corresponding coordinates 
by constants. The fact that our coordinates are equivariant implies that this 
gives a T™ action on Uj. The compatibility of the actions on U, n Uj and the 
compatibility of the action with the projection map B — > G all follow from 
the fact that these coordinate charts are equivariant. 

□ 



Note the assumption that B is basic is mainly for convenience in the following 
arguments. In the family case, by restricting to a subset of G which contains 
the image of a subsequence, we can also assume that B is basic. 



We shall now start working towards proving Theorem |4.1| The proof shall 
rely on Lemma |3.14| on page [16] and Proposition |3.18| on page [21] We shall be 
using the notation from Proposition |3.18| First, choose the following: 

1. Choose a metric, a taming form uj € £1, and finite collection of coordinate 
charts on B each conta ined in some Uj from Lemma |4.3|and small enough 



to apply Lemma 



3.14 



For the case of a family, restrict B — > G to some 
small coordinate chart on G in which the image of some subsequence 
converges, and choose our finite collection of coordinate charts on (the 
smaller, renamed,) B satisfying the above. 

Choose exploded annuli A l n C C l satisfying the conditions in Proposition 
|3.18| with w-energy bound e small enough and R large enough that each 



smaller annulus A\ 



is contained well inside some U,- in the sense that 



it is of distance greater than 2 to the boundary of XJj . (The fact that we 



can achieve this follows from Lemma 3.12 on page 13 ) Also choose e small 



enough and R large enough so that each connected smooth component of 
A\ R is contained in one of the above coordinate charts and can have 



Lemma 3.14 applied to it. 



Use the notation C m to indicate connected components of C l — \J k A % m ,. 

To" 

We can choose a subsequence so that 

• the number of such components is the same for each C l , 

• C l m has topology that is independent of i, 

• and choosing diffeomorphisms identifying them, C l m converges as i —* oo 
to some C m in the sense that the metric from Proposition 3.18 and the 
complex structure converges to one on C m . 
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We shall view each of our annuli A l n as glued out of two semi infinite annuli, 
so A l n has two holomorphic coordinates z + and z~ related by 

z+z- = q; G M*t R+ 

where the conformal modulus of A l n is — logQ z n , and we regard A l n C (T}) 2 as 
given by 

A; - {S+~z- = Ql \~z+\ < 1, \~z-\ < 1} C (T}) 2 

These Q n will later become coordinates on our family F.) Choose a subse- 
quence so that the number of annuli is independent of i, and {Q\ L } converges. 
(In other words, calling any conformal modulus not a real number infinity ei- 
ther the conformal modulus of A^ converges to a finite number, or converges to 
infinity. ) 

We can define 

A± :={|^| <e-™}cT{ 
A\ R n := {(S + , z~) so that z + 2~ = Ql,} c A+ x A" 

10 >" 

We shall need to keep track of what A n is attached to, so use the notation n 
to define C % n ± as the component attached to the end of A^ with the bound- 
\%n \ — !• (Assume, by passing to a subsequence, that ri^ 1 is well defined 
independent of i.) 

We can consider transition maps between C l n± and A* 7R n to give transi- 
tion maps between C„± and A^. The bound on the derivative of transition 



maps from Proposition 3.18 on the region A 4 ^ — A' 6S (and standard el- 
liptic bootstrapping to get bounds on higher derivatives on the smaller region 
A l m — AVg ) tells us that we can choose a subsequence so that the transition 

10 10 ' n 

maps between C % ± and A^ converge to some smooth transition map between 
C n ± and A^. We can modify our diffeomorphisms identifying C l m with C m so 
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that these transition maps all give exactly the same map. Denote the complex 
structure on C m induced by this identification by ji- (We shall do something 
similar for the annuli A l n later on.) We can do this so that ji an d the metrics 
given by this identification still converge in C°° to those on C m . 




We shall now start to construct our family C — > F. The first step shall be 
to get some kind of convergence for each piece of our holomorphic curve. 



For each C rn choose some point q rn S C m , and consider 

Q] n := f(q m ) E B 

This sequence Q % m has a subsequence that converges in B to some point Q n 
Label t he st rata of B that contains Q m by B m , and consider the chart U I; 
Lemma 



€ B. 

from 



4.3 



containing B m . As the derivative of f l restricted to C m is bounded, 
we can choose a subsequence so that f l (C m ) is contained well inside U m . (Note 
that any point in the strata B m is infinite distance to the boundary of U TO . We 
can therefore choose a subsequence so that the image of f l (C m ) is contained in 
the subset of U m which consists of all points some arbitrary distance from the 
boundary of U m .) 



As the derivative of / 
and 



is uniformly bounded on C — U A 

9R r, i we can use 



lemmas 3.7 

to a 



Lemma 



3.1 



3.9 to get bounds on the higher derivatives of /* restricted 
then tells us that if p(q m ) converges to Q m £ B, the 
geometry around f l {q m ) converges to that around Q m , so we can choose a 
subsequence so that /' restricted to C l m converges in some sense to a map 



B so that f m ,Q m (q m ) = Qm C U T , 
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More specifically, remembering that everything is contained inside U m , we can 
use our T n action on U m to say this more precisely. There exists some sequence 
~e m € T™ so that 

* / ■ * U m 

converges in C°° to f m ,Q m ■ C m — ► U m . 

Of course, there was a choice involved here. We could also have chosen a 
different limit Q' m of f l (q m ), which would give a translate of f m ,Q m by our T™ 
action. These choices will turn up as parameters on our family. They will need 
to be 'compatible' in the sense that these pieces will need to fit together. 



We now consider the analogous convergence on annular regions. Because 
the w-energy of p restricted to our annular regions A l n is small, we can apply 



Lemma 3.14 on page [16] to tell us that if the limit of the conformal modulus of 
A l n is infinite, then p restricted to the smooth parts of A l n converges in some 
sense (considered in more detail later) to some unique pair of holomorphic maps 



fn,Q 



{e 



7R 
■ 10 > 



S ± \ 



>0} 



B 



compatible with f n ± : Q ± : C„± — ► B and the transition maps. (Recall that 
C n ± is the component attached to .) As we have made the assumption that J 
is civilized, we can use the usual removable singularity theorem for finite energy 
holomorphic curves to see that these limit maps extend uniquely to smooth 
maps on {e~T» > \z^ \ > t x } C A^ for some x > 0. 
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Wc may assume after passing to a subsequence that f l (A\ R ) are all con- 

10 > n 

tained inside a single U„. Recalling our convention that C n ± intersects A l n , 
note that this means that U n ± intersects U„ (and U„± C U„), so our sequence 
c l n± defined earlier also has an action on U„, and 

4± * r ■■ Ak „ — u„ 

10 >" 

converges in C°° on compact subsets adjacent to C„± to f^g . 

We now have a type of convergence of the individual pieces we have cut our 
holomorphic curve into. Wc shall now define a model for the exploded structure 
on our family that is too large, as it ignores the requirement that these pieces 
must fit together. Later, we shall cut down this model to reflect the requirement 
of the pieces gluing together. 

Define V m C U m to be the exploded manifold consisting of all points Q' m € 
U m so that 

1 . There exists some z so that Q' m = z * Q m 

2. Defining 

fm,Q' m : = Z * fm,Q m 

The image of C m , f m ,Q' (Cm) is contained well inside U m in the sense 
that the distance to the boundary of U m is greater than 1 . 

3. If C m is attached to A^, then defining 

fn,Q' '■— z * fn,Q 

The image of the smooth part of A*, {f^Q>(z), < \z\ < e~w} is also 
contained well inside U„. 

Note that V m is a smooth exploded manifold which includes all Q' m which 
are limits for Q m . For such Q' m , the map f m ,Q' m will be holomorphic, but for 
other Q' m , this may not be the case. 

We shall consider the family F as a sub exploded manifold of 

n v ™nQ« c n u »>nQ« 

m n m n 

The Q„ above stands for the 'gluing parameter' for identifying coordinates 
zt on A n vi a 

S+S- - Q n e Q„ := {\z\ < e- 2R } C T\ 
We shall consider the following sequence of points 

q 1 ■■= (fbi), r(9 2 ), , Q i ni , ) e n u m n Q» 

m n 

where the conformal modulus of A l n is equal to — logQ^. 
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Note that there is a transitive action of T fc on Y[ V TO II Q« which is the 



action from Lemma 4.3 on V m C U m , and multiplication by some coordinate 
of T fc on Q„. Our family will be given by a complete inclusion 



F > Y[ V m Yl Q„ C U U m J] Qr 



satisfying the following conditions: 

1. The image of F contains some point Q £ Yi m ^™ II n Q« which is a limit 
of Q l , and the image of F is given by the orbit of Q under the action of 
some subgroup of T fc . 

2. The distance in any smooth metric from some subsequence of Q % to the 
image of F converges to 0. 

3. There is no other inclusion satisfying the above conditions which has 
smaller dimension than F. 

It is clear that such an F must exist. The entire space satisfies the first two 
properties, so we may simply choose an F satisfying the first two properties 
which has minimal dimension. It follows from the definition of an action of T fc 
on page [41] that F is smooth as it is the orbit of some T n action. The minimality 
of the dimension of F is a trick which will ensure that our limiting maps f ± 



defined on A* glue together well. (See Lemma 4.4 below.) 



Now let us construct our family of curves C — ► F. We shall have charts 
on C given by C m ;= C m x F and A„. A„ has coordinates (2+,z~,Q) where 
z„ G A*, Q £ F and Q n = z+z~. Transition maps between C m and A n are 
simply given by the transition maps between C m and times the identity on 
the F component. For example, if <f> is a transition map between C m and A+, 
the corresponding transition map between C m and A„ is given by 

(z,Q) i-> (Vo), ^) j< 2 

This describes the exploded manifold C. The map down to F is simply given 
by the obvious projection to the last component of each of the above charts. 
This gives a smooth family of exploded curves. 

Lemma 4.4. If Q 6 F, and Q l n — > Q n , then f n Q can be glued by the identifi- 
cation z^^n = Qn- This is automatic if the limit of the conformal modulus of 
A l n is finite. 

Proof: 

In the case that the limit of the conformal modulus of A^ is finite, lim Q l n = 
Q n for any Q € F. If this was not true, we could simply restrict F to the 
points that satisfy this. This would include any point in F that is the limit of 
Q l , it would also satisfy the other conditions required of F, but have smaller 
dimension contradicting the minimality of F. Therefore in the case that Q n is 
finite as we have f l converging on C„± and A l n , and transition maps between 
these also converging, we can glue the limit. 
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In the case that the limit of the conformal modulus of A l n is infinite, we want 
to glue fnQ{zt.) to fnQ^n) over the region where the smooth coordinates 
= [2,7] = via the identification z„z~ = Q n . Define the following 
continuous function 

4> n : F — > T ( (the group acting on U„) 

which detects the failure for to glue for any Q € F: If \Q n ~\ = 0, and 
= Q n so that \z + ~\ = \z~~\ = 0, let 4>(Q) be the element of T l so that 
4>n{Q) * fnQ^n) = fnQ^n)- This may only fail to be defined because the left 
or right hand sides might not be inside U. Note first that if defined, this doesn't 
depend on our choice of z^. Also note that this will be defined on some open 
subset of F, and there exists some homomorphism from T fe to T' so that this 
map is equivariant with respect to the T fc action on F and the T l action on 
U m . We can uniquely extend <f> n to the rest of F in an equivariant way. 

We want to show that <j) n is identically 1 on F. For each Q z , there exists a 
close point Q l inside F so that the distance in any smooth metric between Q l 
and Q % converges to as i — > oo. Then <fi n (Q l ) converges to 1, because these 
points Q % come from holomorphic curves that are converging on either end of 



... t± 

- 7R 
10 



to in a way given by Lemma 3.14 This tells us that the sub exploded 



manifold of F given by (/)~ 1 (1) satisfies the conditions [T] and [2] above, so by the 
minimality of the dimension of F, it must be all of F. This tells us that if Q^ 1 
is infinite, then we can glue together without any modifications. 

□ 

Note that choosing any point Q £ F so that Q is a limit of Q % (such a 
point must exist by the definition of F), the above lemma allows us to glue 
together f m ,Q m an d /„ q to obtain our limiting holomorphic curve / for Theorem 
|4.1| Note that condition [6] from Proposition |3.18| ensures that / is a stable 
holomorphic curve. 

If the above lemma held for every point in F, we would have constructed 
our family. As it is, we need to make some gluing choices. 

If Q n € C* and the limit of the conformal modulus of A n is infinite, we will 
need to make 'gluing' choices. We do not use the standard gluing and cutting 
maps as this will not give us strong enough regularity for the resulting family. 

1. Chose some sequence Q % of points in F so that the distance between Q l 
and Q % converges to 0. 

We need to take care of the different complex structures obtained by gluing 
by Qn and Q n - Choose an almost complex structure ji on A+ as 
follows: Choose smooth isomorphisms 

• A+ — ► A+ 

so that 

(a) 

K (#) = z+ for \5+\>e 10 
Si (4) = 1^ ft* \~Zn~\<e~ R 
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(c) On the region ^ 0, the sequence of maps {& l n } converges in C°° 
to the identity. 

Now define ji on A+ to be the pullback under <J>^ of the standard complex 
structure. Using the standard complex structure on A~, we then get our 
ji defined on A„. This is compatible with the ji already defined on C m , 
so we get ji defined on C. Note that ji restricted to the fiber over Q l 
is the complex structure on C*. From now on, we shall use these new 
coordinates on A l n . 

2. We now define the linear gluing map as follows: 

(a) Chose some smooth cutoff function 

p : R* — > [0, 1] 



so that 



Extend this to 



p(x) = for all x > e 10 

9 J?. 

p(x) = 1 for all x < e^ 1 ™ 



so 



p:R*t R — » [0,1] 

satisfying all the above conditions. (We defined this first on 
that it was clear what 'smooth' meant.) 

(b) Given maps : T\ — ► C fe which vanish at z = define the 

gluing map 



)~p(\z \)<P+(~z+)+ p{\~z+\)$ (z ) 

Note that if 4> + and <p~ are smooth, G^+^-) : T| — ► C fe is smooth. 
Note also that if 4> + and cj>~ are small in C 00,5 , then G^+^-) is small 



too. 



3. We now define a linear 'cutting' map: as follows: 

(a) Choose a smooth cutoff function (3 : R* - 
following: 

(3(x) + p{x- 1 ) = l 
(3{x) = 1 for all x > e$> 

(b) Given a map (j> : Ai — > C k and Ql E C* , where 

A; := {~z+z- = Qi) C (T}) 2 
we can define the cutting of <j) as follows: 



[0, 1] satisfying the 



b+(z+) :=f3 




4>{z-) :=(3 




z~ 



As (^> ± (5 ± ) vanishes for [iP] small, we may extend 4F to be zero for 



z ± small 
Note that G 



(4>+,4>-) 



restricted to z + z = Q n is equal to 
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4. Lemma [376] tells us that the image of our annuli of finite conformal moduli, 

f l (A l m ) is contained in some coordinate chart appropriate for Lemma 

10 >™ 



3.14 (We can choose this coordinate chart to be contained inside U n so 
that the T k action on U„ just consists of multiplying coordinate functions 
by a constant). In fact, we can choose a subsequence so that either A l n 
has infinite conformal modulus for all i or / 1 (AVr ) is contained in one of 

io > n 

these coordinate charts for all i. In that case, Lemma |3 . 14| together with 
the conditions on our coordinate change for above tells us that 

f n {z) = (e^Mc^V . . , e <*Mc> fc *°*, . . . , c n ^ k + <f>' d _ k ) 



where <p l n is exponentially small on the interior of n as required by 
Lemma 



3.14 



If Q°° € F is some limit of Q l , then j^o^ m these coordi- 



ln,Q 

nates are given by 



z 

where ± are smooth and vanish when [z*] =0. 
Similarly, if A^ is infinite, then we can consider /* to map to O n so that 



5. If pi = c * p2 using one of our T n actions, use the notation c = ^i, so 
pi = f 2 * p 2 . Define F l n : A„ — ► B by 

2^(5+, 5-,Q) :=^*cU^ + ) Q 

^ n+ 

and 

(Recall that Q n + recorded the position of C„+ which is attached to A+). 

Then we can define f l : A„ — ► B using the cutting and gluing maps 
above by 

P(z + ,z~,Q) := e G « + •^ {S+rz ~ ) F^z+,z-,Q) 
We can similarly define / : A„ — > B. 
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Also define 

/ : Cm — ► B 

/0,<2) = fm,Q m (z) 

and define p on C m similarly by translating p appropriately depending 
on the difference between Q l m and Q m , so 

Qm 



This gives well defined smooth maps 

f : C — > B 
/ : C — > B 

so that / l is given by the restriction of p to the fiber of C — > F over 
(j* 6 F. Note that as the vectorfields <fi are vertical with respect to 
B — > G, is too, and we have finally constructed our required 

families. 



(C,ji) ^ B (C,j) A B 

1-1- 1-1- 

F — > G F > G 

Lemma 4.5. 



converges in C°°'- to 



P :(C,j 4 )^B 
/:(e,j)— £ 



Proof: 

We work in coordinates. First note that p converges in C°° restricted to / 
on C m . This also holds for A„ if the size of A % n stays bounded. Note also that 
ji converges in C°° to j. 

It remains only to show that p converges in C°°' S to / on A„. Recall that 
A„ has coordinates (z + ,z~,Q) where Q £ F and Q n — z + z~. Note that the 
maps : A„ — > B defined above converge in C°° to F n : A„ — > B. We have 
that 

P (2+ , z~ , Q) := e G ^ + ) {i+ ^ ] F* (z+ , z" , Q) 
Similarly, we write 

f(z + ,z~,Q) :=e G (^n) {S+ ' S ~ ) F n (z + ,z-,Q) 

We can choose a subsequence so that (j^jz ^ conv erges in C°° on compact 
subsets of {0 < < e^T«} to Lemma 3.14 and our cutting construc- 



tion above tells us that for any S < 1, there exists some constant c independent 
of n so that 

1^(^)1 <c|z ± | 5 
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and the same inequality holds for <jy^ and all derivatives (with a different con- 
stant c). This implies that 0^ converges to </>^ in C°°'-. Adding extra coordi- 
nates on which a function does not depend does not affect C°°>- convergence. 
Therefore 0^ t (5 ± ) converges in C 00 '- to ^(z*) on A„. Then G,^ is ob- 
tained by adding these two functions multiplied by fixed smooth function cutoff 
functions. Therefore, G,^i+ ^i-s converges in C 00 '- to G,^+ ^-x on A n . This 

implies that f % converges to / in C°°'- as required. 

□ 



This completes the proof of Theorem 4.1 



A Equivariant coordinates 

In this appendix, we prove that any exploded manifold has coordinate charts 
with transition functions in a special form. 

Suppose that W l x T™ and R" x Tq are two coordinate charts on B which 
intersect non trivially and that P is a face of the polytope Q. By making a 
monomial change of coordinates, we may also assume that the coordinates on 
P are the first to coordinates on Q, and that the remaining to' — to coordinates 
on Q vanish on P. Then the transition map between R™ x T™ and W l x Tq 
must be in the form 

cj)(x,z) = (f,gih, ■ ■ ■ ,g m z m ,9m+i, ■ ■ -,3m')) 

where 

/ : R n x [T^l — ► R n ' 

g t : R" x [T£] — > C* 

are smooth functions. A special case is when / and gi depend only on R n . We 
shall prove that any exploded manifold B can be covered with coordinate charts 
modeled on open subsets of R" x T™ with transition maps in this special form. 

Definition A.l. Define a (C*) m action on R n x T™ by 

(ci, ■ ■ ■ , c m ) * (x, z) — (a;, C\Z\, . . . , c m z m ) 

Similarly, if (ci, . . . , c m ) € T m , 

Zei (ci, . . . , c m ) * (x, z) — [x, C\Z\, . . . , c m z m ) where defined 

Call a map f from a subset of R" x T™ to R™ x Tq equivariant if there 
exists a map 

a : T m — > T m ' 

so i/iaf 

/(c* (x,z)) = a(c) * /(x, 5) 
whenever the left hand side is defined. 

Note that every map from R™ x T™ is equivariant when restricted to the 
interior of P. 
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Definition A. 2. A free action ofT k on an exploded manifold B is a map from 
a subset Dom(*) ofT k x B to B 

Dom(*) — ► B 
(z,p) i — ► z*p 

so that 

1. There exists a covering of B by coordinates modeled on open subsets of 
R n x T™ so that the T k action is given by multiplication on the last k 
coordinates ofTp, in the sense that 

(a) ifp and z*p are in the same coordinate chart, then z*p is determined 
by multiplying the last k coordinates of p by z. 

(b) If q is a point in the coordinate chart obtained from p by multiplying 
the last k coordinates by z, then (z,p) G Dom(*) and z * p = q. 

2. If (z,p) G Dom(*) ; then (w,z * p) G Dom(*) if and only if (wz,p) G 
Dom(*), and in this case, 

w * (z * p) — {wz) * p 

Note that an action of T" on B is not quite an action of T™ considered as 
a group, simply because the action may not be defined everywhere. 

Lemma A. 3. Every exploded manifold B has a cover by coordinate charts mod- 
eled on open subsets o/M™xT™ so that every transition map is either equivariant 
or its inverse is equivariant. 

Every family ir : B ► G of exploded manifolds has a cover by coordinate 

charts so that transition maps on G and B are equivariant in the above sense, 
and 7r is equivariant in the sense that given any of our coordinate charts U on 
B, one of our coordinate charts V on G contains tt(U), and ir : U — ► V is 
equivariant. 

Proof: 

Suppose that we have already constructed some coordinate charts with 
equivariant transition maps which cover an open subset OcB. 

Let ip '■ ^ — > K n x Tp be a coordinate chart which restricts to a coordinate 
chart ip° : U — ► E" x on a strata B; of B, where P° C P is the interior 
of P, and U is V n Bi . This coordinate chart ip° is automatically compatible 
with all previous coordinate charts because P° is an open polytope. We shall 
now try to extend ip° to a coordinate chart ip' : V' — ► E™ x T™ on an open 
neighborhood V of U in B. We shall not necessarily be able to make the 
transition maps between this new chart and our previous charts equivariant, 
but if we choose any open subset O' of B so that the closure of O' is contained 
in O, then our new coordinate chart can have equivariant transition maps to 
the old coordinate charts restricted to O' . 

Denote by Ojj the set of points p G OC\V so that there exists some previously 
defined coordinate chart containing p so that z*p G U. Clearly, Ou is open and 
contains U n O. Therefore, 

V := (V \ 6') U Ou 
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is an open subset of V which contains U. 

On Ojj there is an action of T n . We can define another map ip' : Ojj — ► 
K" x T™ so that ip' = ip restricted to U and ip'(z *p) — z * V'(p)- The new map 
ip' is an isomorphism onto its image because ip was. The goal is now to extend 
ip' to V. There exists a smooth vectorfield v on ip{Ou) so that v vanishes on 
U, and ip' is given by ip composed with exponentiating v using the standard fiat 
metric on R™ x T™ . To extend ip' , we shall extend this vectorfield. Of course, 
not every vectorfield defined on an open subset extends, but we can extend v 
restricted to O' n Ou by multiplying v by a cutoff function which is 1 on O' and 
on V' \ On . The resulting map given by composing ip with exponentiation by 
v will be a local isomorphism on a neighborhood of U in V', so by restricting 
to this smaller neighborhood if necessary, we get our required coordinate chart 
ip' which is compatible with all previous coordinate charts restricted to O' . 

This proof shall now follow by a double induction. Suppose that every strata 
of B with dimension strictly less than k in |~B] can be covered by coordinate 
charts with equivariant transition maps (this is trivially true for k=0). We shall 
prove that we can cover all strata of dimension less or equal than k in |~B] by 
coordinate charts with equivariant transition maps. Assume that we already 
have our equivariant cover of the strata of lower dimension. Let O denote the 
open set already covered, and let O' be an open subset of O which contains 
all strata of lower dimension so that the closure of O' is contained in O. Then 
choose a sequence of open sets Oi containing O' so that Oo — O and the closure 
of Oi+i is contained inside Oi. 

Denote by Uq the intersection of O' with the strata of dimension k in |~B] . 
Choose a countable open cover {Ui} of the strata of dimension k in |~B] so that 
for all i > 0, Ui is contained inside some coordinate chart. Assume for our second 
induction that for all i < n, there exists a coordinate chart Vi containing the 
closure of some open neighborhood V( of Ui so that all transition maps between 
Vi for i < n and all previous coordinate charts are equivariant restricted to some 
open neighborhood N of O n -i {J"=i 

Choose some open neighborhood N' of O n 1J™ =1 V( who's closure is con- 
tained in N. The first section of this proof showed that we can construct a 
coordinate chart V n which contains the closure of some open neighborhood 
of U n so that all transition maps between V n and all previous coordinate charts 
are equivariant restricted to N'. Therefore, our second inductive statement 
holds for all n. Now consider our previously constructed coordinate charts re- 
stricted to O' together with the new coordinate charts V(. The transition maps 
between these coordinate charts are all equivariant, and together these coordi- 
nate charts cover all strata of dimension k in B. By induction, we may cover 
all of B by coordinate charts with equivariant transition maps. 

We can prove the family case similarly. First choose equivariant coordinate 
charts on G. We can modify any coordinate chart on B so that it is equivariant. 
The difference between f on a given coordinate chart and tt on an equivariant 
coordinate chart is given by the flow of of a time dependent vector field on G, 
we can lift this vector field to a time dependent vector field on our coordinate 
chart and use the flow of this vetorficld to modify our coordinate chart so that 
7r is equivariant. We may then repeat the above argument for B choosing all 
coordinate charts so that the map tt is equivariant. The step where a coordinate 
chart needs to be modified using the flow of a vector field now uses only vertical 
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vectorfields, so this procedure preserves the property that it is equivariant. 

□ 



B A symplectic analogue of the explosion func- 
tor 

The following example constructs a symplectic exploded manifold from a sym- 
plectic manifold with 'normal crossing symplectic divisors'. The construction is 
analogous to the explosion functor, but is not functorial. 

Example B.l. 

Suppose that we have a compact symplectic manifold M with some collection 
of codimcnsion 2 embedded symplectic submanifolds N which intersect each 
other orthogonally. (In other words, if x e N fl Nj, the vectors v € T X M so 
that uj(v, •) vanishes on T X N are contained inside T x Nj.) 

We shall construct an exploded manifold with an almost complex structure 
tamed by a symplectic form from the above data as follows 

1. Let I index a set of submanifolds, and let 

Nj := f) Ni 

tei 

2. Suppose that for all |/| > k we have achieved the following: 

(a) A neighborhood of Nj is identified with the sum of |7| complex line 
bundles over Nj with complex linear connections V. 

ci'i — 

I 

Ni 

(b) The symplectic structure restructed to the zero section of Ej is stan- 
dard in the C k directions, and the directions are symplectically 
orthogonal to N T . 

(c) Hie/, then the intersection of N with our neighborhood of Nj 
corresponds to the subset of Ej where the ith line bundle coordinate 
is 0. 

(d) If I' D I, then on some neighborhood of N]>, the bundle Ej — ► Nj 
is equal to the C 1 bundle with total space Ep and projection map 
the map that sends the coordinates corresponding to I C I' to 0. 

C 1 ' 1 — >Ep 

i 

7V 7 n Ep 

This identification preserves the connections V 
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(e) There is an almost complex structure J tamed by omega on a neigh- 
borhood of all Ni with |/| > k so that J restricted to the fibers of Ei 
is the standard complex structure, iVj is a J holomorphic subman- 
ifold, and J on V-horizontal subspaces of TEj is the lift of J from 
TiVj. 

3. Now assuming the inductive hypothesis [2] we shall show that the same 
can be achieved for \I\ — k — 1. 



Over a neighborhood of f]ji Dl Nj> C Nj, the compatibility condition 2d 
ensures that we have |/| complex line bundles locally given by the total 
space Eji and the projection map which sends the coordinates correspond- 
ing to / C I' to 0. 

C^l — 

I 

iV/ n Ep 

These complex line bundles satisfy the requirement |2b| and come with con- 
nections and an almost complex structure satisfying the requirement [2c] 
There is no obstruction to choose an identification of a neighborhood of 



Ni with the total space Ej of |/| line bundles satisfying the conditions 2b 



2c and 2c The fact that 2b and 2c can be satisfied simultaneously fol- 



lows from the requirement that our symplectic submanifolds Ni intersect 
symplectically orthogonally. To satisfy requirement [2c] choose an almost 
complex structure J on Nj tamed by lo which agrees with the previously 
defined J on some neighborhood of f)j> Dl Nj> C Nj, then extend the defi- 
nition of J to a neighborhood of Nj by giving the fibers of Ej the standard 
complex structure and lifting J to horizontal subspaces of TEj from Tn 2 . 
The fact that such a J agrees on some neighborhood of Nj with the previ- 
ously defined J follows from the compatibility condition |2d| This almost 
complex structure J is tamed by lo restricted to some neighborhood of 
Ni because of the condition [35] which requires that at the zero section 
the symplectic structure on the fibers is standard, and that the fibers are 
symplectically orthogonal to Nj. 

Therefore, as the inductive hypothesis [2]holds for k larger than the number 
of submanifolds, we get that we can achieve [2] for all k. Now cover M 
with coordinate charts R n x C fe , so that such a coordinate is contained 
inside Ei for some I = k and the C k coordinate gives coordinates for 
the k complex line bundles in Ej. Replace these coordinates (x,z) with 
coordinates (x,z) 6 R™ x (Tj)™. We can replace transition maps similarly 
to the explosion functor. In particular, if the old transition map was </>, 
then the new transition map cj> can be defined as follows: 

XO(f) = XO(j)0 ["•] 

if zi o (j) — f(x)zj then Zi o <j> = f(x)zj 

if Zi o (f> is nonvanishing, then z t o <fi = o o [•] 

These new coordinates and transition maps define a basic exploded man- 
ifold M with smooth part |~M] = M. 
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5. There is a smooth almost complex structure J on M compatible with 
the smooth part map and the almost complex structure on M We can 
define this almost complex structure in coordinates as follows: In the 
old coordinate charts, J exchanged the real and imaginary parts of z-^, 
therefore, in our new coordinate charts, we can get J to exchange the real 
and imaginary parts of zJ^~. In our old coordinate charts, 



dx. 



f(x)Zj 



where / : W l — > C is smooth. This is because J was defined using the lift 
of an almost complex structure on K" using k complex linear connections. 



Therefor 



is a sum of smooth functions times 



and the real 



dxi 

•ts, i 

JtBt ) to be the corresponding sum of smooth functions times -J^r 



and imaginary parts of z-^. In our new coordinate charts, we can define 



and 



the real and imaginary parts of z-^. The pullback of lo to M via the 
smooth part map M — > M is a symplectic form which tames the almost 
complex structure J. 

The following is a picture of the result of this procedure on a toric symplectic 
manifold, where for our symplectic submanifolds we use the fixed loci of circle 
actions. We shall represent the smooth part |~M] by its moment map: 




M = [MJ 

It is interesting to notice that in this toric case, the dual fan to the moment 
map of M is the tropical part M. 



C Construction of a strict taming 

Lemma C.l. Suppose that an exploded manifold B satisfies the following: 
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1. B is basic and complete. 

2. All strata of the tropical part B have the integral affine structure of either 
a standard simplex or tl 0,00 ) 

Then given any civilized almost complex structure tamed by a symplectic form 
lu on B, there exists a close by civilized almost complex structure J with a strict 
taming f2 which contains u). 

This new almost complex structure can be chosen C° close to the old almost 
complex structure considered as an almost complex structure on |~B] , and C°°'- 
close when considered as an almost complex structure on B. In the special case 
that B is a complex exploded manifold, no modification of the complex structure 
is required. Another case in which no modification is required is when for any 
exploded function z defined on a subset o/B, z~ 1 dz is a one form which is equal 
to a smooth one form pulled back from |~B] . 

Proof: 

Lemma |A.3| implies that we may choose coordinate charts with equivariant 
transition maps in the sense that after some monomial change of coordinates, 
transition maps or their inverses are in the form 

(a;),.. .,g m >(x)) 

We shall label strata of B by the polytope which is the closure of their image 
in the tropical part of B. Each strata Bp is in the form of some Tp„ bundle 
over |~B p] , where P° is the interior of P and |~B p] is the interior of a smooth 
compact symplectic manifold (Mp,w) with a collection of positively intersecting 
codimension 2 embedded symplectic submanifolds Mq. (There is one such Mq 
for each polytope Q in B which has P as a codimension 1 face). By interior 
we mean the complement of these symplectic submanifolds. Using the above 
coordinates with equivariant transition maps, we may identify a neighborhood 
Up of Bp with an open subset of a T™ bundle over [Bp] . 

Starting with the polytopes P of maximal dimension, construct functions 

rp c p : Up — > RH 10 ^ 
for each codimension 1 face F of P satisfying the following conditions. 

1. In our coordinates, (x, z) on M. n x T™, if F is given by = t°, then 

r F(1 p(x,z) = f(x) \z k \ 
and if F is given by z%, . . . , z m = t c , then 

r FcP (x,z) = f(x)l c \zi 1 . . . ,z~ x \ 
(In the above, / is a smooth function which may depend on F.) 

2. If P is a standard simplex of size c, then 

n^cp=it c 

F 
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3. If Q is a face of P, and F H Q is a codimension 1 face of P, then on 

u Q nu P , 

r FcP = r (FnQ)<zQ 

The diagram below may help with visualizing rp c p. The picture of [Tp] 
could be understood as a moment map of a T 2 action, in which case rp c p will 
actually be the square root of distance in the directions indicated below. 




On each of our coordinate charts on Up, there is an action of T m given 
by multiplying the coordinates of T™ by the corresponding constants in T m . 
Our transition maps are equivariant with respect to this action, so there is a 



T m action on Up in the sense of definition A. 2 We may consider Up as an 



open subset of a corresponding T™ bundle with the same T m action, and rp c p 
defined similarly. If our original almost complex structure is not integrable, we 
may modify our almost complex structure to an almost complex structure J 
which is preserved by the T m action. By restricting our coordinate charts to 
be smaller if necessary, we can make this new almost complex structure C°°'- 
close to the old almost complex structure on B, and C° close to the old almost 
complex structure on [B] . Therefore, this modification of our complex structure 
can be chosen small enough that lo still tames J. As B is complete, we may 
assume (by adding extra coordinates obtained by restricting those on adjacent 
strata if necessary) that there exists some ro > so that Up contains the subset 
of this T™ bundle where all rp c p are less than rQ. 

Define a one form ap c p on Up for each codimension one face F of P as 
follows: 
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a FcP := r FGP dr FcP o J 

In the case that we modified our almost complex structure, the one form 
Qf C P is preserved by the action of T m on Up, so daFcP can be regarded 
as the pullback of a form on |~B p ] . In the case that J is complex, we may 
consider ap c p in holomorphic coordinate charts. After a monomial change of 
coordinates, r Fc p — f\zi\, where / is some smooth nonvanishing real valued 
function on our holomorphic coordinate chart. Then da Fc p = d(f~ 1 df o J), 
which is a two form which is pulled back from the smooth part of the coordinate 
chart. 

If modification of J is undesirable, it is not necessary so long as any da Fc p 
is the pullback of a two form on |~B] , which is equivalent to the requirement that 
for any exploded function z locally defined on B, the two form d(z~ 1 dzo J) is a 
smooth two form pulled back from |~B~|. It is sufficient that z~ 1 dz is a smooth 
one form pulled back from |~B] . It is easy to check that our modified J and any 
integrable complex structure satisfies this condition. The set of J tamed by u> 
satisfying this condition is convex. 

Note that if Q is a face of P and F n Q is a codimension 1 face of Q, the 
fact that rp c p = 7"(FnQ)cQ implies that 

a FcP = ct(FnQ)<zQ on Up n Up 

We now provide a strict taming which for each point p E B includes some 
two form u>p taming J well in a neighborhood of p as in part [2] of the above 
definition of a strict taming. We do this as follows: Suppose that p € Up and 
r Fcp(p) is much less than tq for all codimension 1 faces of P and rp C Q is not 
too small for all strata Q with P as a codimension 1 face. We will specify the 
location of p more precisely later. 

Consider the set S p C M*t R given by 

S P ■= {r FGP (p)} 

We shall define uj p on a refinement of B determined by a subdivision of the 
tropical part B. Subdivide the polytope P by the set of all planes of the form 
{f F cP G S p }. (This is the set of planes through p parallel to the boundary of 
the strata and their image under any symmetry of the strata.) Similarly, if Q is 
connected to P through polytopes in B with nonzero dimension, then subdivide 
Q by the planes {fpcQ € S p }. This subdivision of B defines a refinement of B. 
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p 

We can now define a two form ui p on the refinement of B defined above as 
follows: First choose a function 

4> : R*t R — > R 

so that 

cj)(r) = Vr > 2t° 
0(r) + <£(r _1 ) = -1 
and considered as a function : K* — ► K, </> is smooth, increasing and 

*) >i foraU 1 <r< V2 
ar r ^2 

Also choose some smooth function p : R*^ 0,00 ) — > M so that p(r) = for all 
r > r and p(r) = 1 for all r < ^. 



Now define ft : R*P 



by 



/i(r) := cp(r) + r^r ^ ^ rx *) 



where c is a positive constant that we shall choose later. 
h 



r decreases 



points where r G S„ 
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On Up, replace u> with 



cup := cu + ^ d(h(r FGP )a FGP )) 

F 

Now we do the same for all strata Bq connected to Bp through strata with 
tropical part of non zero dimension. So on Uq, 

u p := u + ^ d(h(r FcP )a FcP )) 

F 

For all other XJ' P , we simply leave oj unchanged. The fact that we chose the 
r Fc p and a FcF compatibly implies that the above construction defines ui p as 
a smooth two form on our refinement. Actually there exists a smooth two form 
on a refinement of B x Up so that ui p is the restriction of this two form to 
B x p. As Lu p differs from uj by d of a one form, the integral of u> agrees with 
the integral of lo v over any complete exploded curve. 

We must now consider whether ui p is non negative on holomorphic planes, 
and whether it satisfies condition [2] On Uq can break up ui p into 

LOp = UJq + U>l 

where 

uj := uj + c^2d(p(r FcQ )a FcQ ) + j^- (j}(x~ 1 r FcQ )da FcQ 
f l^fl xes p F 

Wl := T^T d tyfr'^FCQ)) A a FcQ 

1^1 x&S p F 

where c is the positive constant in the definition of h which we have yet to 
specify. Let us choose c > to be a constant so that 

1. On Mq (the manifold with interior |~Bq]), the two form 

u> + c^2d(p(r F<zQ ,)a F<Z Q>) 

is still positive on holomorphic planes, where the sum involves all terms 
that are defined. Note that on Uq/, da FC Q' can be considered as a two 
form pulled back from the smooth part of the coordinate chart. It follows 
that d(p(r F< zQ')oi F cQ') is a two form on Mq wherever r FC Q> is defined, 
even though «pcQ' can't be considered as a one form on Mq. 

2. On Mq, the two form u) + ^2 F Xida FC Q is still positive on holomorphic 
planes for all choices of Xi between and c. 

If we make these choices, then c^o will be nonnegative on any holomorphic 
plane, and positive on any holomorphic plane containing a vector with nonzero 
image in P. As for u)\, on the complex subspace which is the intersection 
of kerdrpcQ an d J(ker dr FC Q) for all F, this two form u>\ vanishes. As (f> is 
monotone increasing, ui\ is also nonnegative on the complimentary complex sub- 
space which in coordinates is spanned by the real and imaginary parts of 2j^§7- 
Therefore, u>\ is also nonnegative on holomorphic planes, so ui p is nonnegative 
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on holomorphic planes. Moreover, in a neighborhood of p in our refinement of 
B, Up is positive on holomorphic planes. Therefore, restricting to any compact 
subset of some neighborhood of Bp, we can obtain a uniform estimate in the 
form of U Then as we can cover all of B with compact subsets of neighborhoods 
of B i , we get a uniform estimate of the required form [2] 

□ 

The following is a picture of the above procedure carried out in the case 
that B is the explosion of a toric manifold. We shall draw the smooth part of 
B using the moment map from u and B' using the moment map from u p . 
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